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I. Fuglede’s conjecture in R?

e O C R? be a Lebesgue measurable of finite non-zero Lebesgue

measure.
e () is said to be spectral if there exists a set A C R? such that
{We%ixf}ge/\ form a Hilbert basis of L2(f2).

o We say that the set Q tiles R¢ by translation, if there exists a set
T C R? such that {2+t :t € T} forms a partition a.e. of R,
equivalently,

Zlg(:pft) =1, Leb—a.c.
teT

Fuglede's conjecture

Q is a spectral set if and only if it tiles R?.
o Fuglede 1974 : true if either A or T is a lattice.
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Il. Results in R?
The conjecture is not true for d > 3 (both direction). It is still open for
d=1,2.

Tao 2004 : "spectral = tiling” is false for d > 5.
Matolsci 2005 : "spectral = tiling” is false for d = 4

Matolsci and Kolountzakis 2006 : "spectral = tiling" is false for
d=3

Matolsci and Kolountzakis 2006 : "tiling = spectral” is false for
d>5

Farkas and Gy 2006 : "tiling = spectral” is false for d = 4

Farkas, Matolsci and Méra 2006 : "tiling = spectral” is false for
d=3

losevich, Katz and Tao 2003 : true for convex planer sets.
taba 2001 : true for union of two intervals.
Lagarias, Wang 1996, 1997 : all tilings of R must be periodic.
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General setting

G is a local compact abelian group with Haar measure m. For
re€G Q4+ :={y+recG:yec}.

A character of G is a group homomorphism x : G —iSl, i.e.

X(g1 + g2) = x(91)x(g2) and x(0) = 1. Denote by G the dual group
which consists of all the characters of G.

A subset (2 C G of finite Haar Measure is said to be spectral if
there exists a set A C G which form a Hilbert basis of L?(Q2). The
set A is called a spectrum of © and (2, A) is called a spectral pair.

We say that the set (2 tiles GG by translation, if there exists a set
T C G such that {2+t :t € T} forms a partition a.e. of G,
equivalently,

Z lo(z—t)=1, ae. z€G.

teT

The set T is called a translate of © and (2, T) is called a tiling
pair.
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IV. Spectral set conjecture

Question : € is a spectral set if and only if it tiles G 7
@ The case G = Z is open. The case G = Z/p™Z is true.
@ The case G = R? is the famous Fuglede conjecture.

@ How about the case G = Qg 7 We confirm the conjecture when
d=1.
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Fuglede’s conjecture on Q,
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.
. The p-adic numbers and the topology
@ Ring Z,, of p-adic integers :
Zpodz =7 ogaip
e Field Q, of p-adic numbers : fraction field of Z,, :
Q3v=Y2 e, (Gu(@) eD).

Absolute value : ||, = p~*®), metric : d(z,y) = |z — yl,.

Remark : Z,, is the unit ball of Q,. The topology on Q, is the same as
the topology of symbolic space.
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N
Il. Arithmetic in Q,

Addition and multiplication : similar to the decimal way.
" Carrying” from left to right.

Example : 2 =(p—1)+(p—1) xp+(p—1) x p> + -, then
e x+1=0. So,
“1=@-D+@-)xp+p-1)xp*+---.

0 2r=(p-2)+@-)xp+p-1)xp*+---.
We also have substraction and division.

I1l. Haar measure and characters on Q,
The Haar measure m on Q, is such that the unit ball Z, has measure 1.
—~ 1 _
o A character x € Qp (where {} =3~ ) anp"):

X(ff) _ 6271'2’{:1:}.

Notice : x is a local constant function (x(z) =1, if z € Z,).
@ For any y € ), we define

Xy (7) = x(yx).

The map y — xy from @, onto @; is an isomorphism.
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IV. Fourier transformation on Q,
For f € L*(Q,), the Fourier transform of f is defined to be

fa) = | f@hG)de,  (do=dm)
Examples :
® 150,m)() = D150, (€)
o Let Q:Lljzl B(cj,p”). Then I;(E) P'1p(0,p-v)(§ )Z x(=¢;€)-

Lemma (A criterion of spectral set)

A Borel set ) of finite Haar measure is a spectral set with A as a
spectrum iff

Ve €@ Y ITa(A — 6P = m(Q)2.

AEA
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V. Tree structure of Q,

@ Vertices 7 : balls in Q,,.

o Edges £ : pairs (B',B) € T x T such that B’ C B,
m(B) = pm(B’), (denoted by B’ < B).

V'L, -Up+p’Z, (p-1)+1L,
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VI. Bounded open sets in Q,
Any bounded open set O of Q, can be described by a subtree (7o, &0)
of (T,€).
@ Let B* be the smallest ball containing O, which will be the root of
the tree. For any given ball B contained in O, there is a unique
sequence of balls By, By, - -, B, such that

B=By<By <By<---<B,=B"

@ The set of vertices Tp is composed of all such balls By, By, -+ , B,
for all possible balls B contained in O.

@ The set of edges £p is composed of all edges B; < B;41 as above.

Lingmin LIAO  University Paris-East Créteil Fuglede conjecture and tilings in the field of p-adic numbers  13/30



VIl. Comapact open set in Q,

Any compact open set can be described by a finite tree, because a
compact open set is a disjoint finite union of balls of same size. In this
case, as in the above construction of subtree we only consider these balls
of same size as B.

A

3L 2+ 313

442773 224277

FIGURE : Q = 3Z3 U (2 + 3Zs3) U (4 + 27Z3) U (22 4 27Z3).

Lingmin LIAO  University Paris-East Créteil Fuglede conjecture and tilings in the field of p-adic numbers  14/30



VIIl. p-homogenous subsets in Q,

o A subtree (77,&’) is said to be homogeneous if the number of
descendants of B € 7' depends only on |B|. If this number is either
1 or p, we call (T7,&’) a p-homogeneous tree.

@ An bounded open set is said to be homogeneous (resp.
p-homogeneous) if the corresponding tree is homogeneous (resp.
p-homogeneous).

@ A bounded open p-homogenous set must be compact.

Lingmin LIAO  University Paris-East Créteil Fuglede conjecture and tilings in the field of p-adic numbers

15/30



VIIl. p-homogenous subsets in QQ,

FIGURE : A 2-homogenous tree
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VIIl. p-homogenous subsets in Q,

0918 413 22 8 1726

FIGURE : A 3-homogeneous tree
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IX. Fuglede’s conjecture on Q,

Theorem (A. Fan, S. Fan, L, R. Shi, arXiv :1512.08904)

A Borel set Q) € Q,, is a spectral set if and only if it tiles Q.
Moreover, ) is an almost compact open set, and the corresponding
compact open set is p-homogenous.

o Aset ) C Q) is called an almost compact open set, if 3 compact
open ' C Q, such that m(Q2\ Q') =m(Q'\ Q) =0.

Lingmin LIAO  University Paris-East Créteil Fuglede conjecture and tilings in the field of p-adic numbers  16/30



Fuglede’s conjecture for

compact open set in Q,
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I. Tree structure of Z/p 7

We identify Z/p"Z = {0,1,--- ,p” — 1} with {0,1,2,---p — 1}7 which is
considered as a finite tree, denoted by 7(7).
o Vertices 7(¥) : consists of the disjoint union of the sets
Z/p"Z,0 < n < ~. Each vertex, except the root of the tree, is
identified with a sequence tgty - - - ¢, with 0 <n <~ and
t; € {0,17 P — 1}
e Edges : consists of pairs (z,y) € Z/p"Z x Z/p" T Z with x = y
mod p"”, where 0 < n <~y — 1.
For example, each point ¢ of Z/pYZ is identified with tot; - --t,—1, which
is a boundary point of the tree.
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I. Tree structure of Z/p 7

FIGURE : The set Z/3*Z = {0,1,2,---,80} is considered as a tree 7®.
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Il. p-homogenous subsets Z/p77Z

Each subset C' C Z/p7Z will determine a subtree of 7(?), denoted by
Tc, which consists of the paths from the root to the points in C.

For each 0 < n <+, denote

Crod pr :={x € Z/p"Z : 3 y € C, such that x = ymod p"}.

@ Vertices T : consists of the disjoint union of the sets
CVmod p”yo <n< -

o Edges : consists of pairs (2,y) € Cmod p» X Ciod pnt1 With x =y
mod p™, where 0 < n <~y —1.

The set C is called a p-homogenous subsets of Z/p7Z iff the
corresponding tree T is p-homogenous.
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Il. p-homogenous subsets Z/p77Z

0918 41322 8 17 26

FIGURE : For p = 3,~ = 3, the tree p-homogeneous tree determined by
{0,4,8,9,13,17,18,22,26}.
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Il. Spectral sets and tiles in Z/p'Z

Recall that the Fourier transform of a function f defined on Z/p7Z is
defined as

-~ _ 27wikx
)= fl@)e ¥, (Vk € Z/p"D).
TEZL/PVL
Theorem (Fan—Fan-Shi, arXiv 2015) Let C' C Z/pYZ. The following
statements are equivalent.
(1) C is p-homogenous.
(2) There exists a subset I C {0,---,~v} such that I = log,(4C) and
lc(p') =0for L el.
(3) C'is a spectral set in Z/p?7Z, with

A= {Zaip_i_lzaiel}.

icl

(4) C tiles Z/p"Z, by

T = Zajpj:aje{(),---p—l} ,  where J:={0,--- v} \ L.
jeJ
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I1l. Spectral sets and tiles in Z/p'Z

0918 413 22 8 1726

FIGURE : Here, p=3,v=3, I ={1,3},J ={0,2}.
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IV. Compact open spectral sets Q,

W. |. 0. g, we assume that € is of the form

Q = |_| (C+p’YZZD)7

ceC
where v > 1 is an integer and C' C {0,1,--- ,p¥ — 1}
Theorem (Fan—Fan—=Shi, arXiv 2015) The following are equivalent.
(1) Tc is a p-homogenous tree.
(2) Qis p-homogenous.
(3) € tiles Q.
(4)

4) Q is a spectral set in Q.

Lingmin LIAO  University Paris-East Créteil Fuglede conjecture and tilings in the field of p-adic numbers  21/30



Proof of Fuglede’s conjecture on Q,

Lingmin LIAO  University Paris-East Crétei Fuglede conjecture and tilings in the field of p-adic numbers  22/30



. Fourier transformation

A complex function f defined on Q, is called uniformly locally constant if
there exists n € Z such that

flx+u) = f(z) VreQpVue B(0,p").

Lemma

Let f € L*(Q,) be a complex-value integrable function.
(1) If f has compact support, then f is uniformly locally constant.
(2) If f is uniformly locally constant, then f has compact support.

A subset E of Q,, is said to be uniformly discrete if E is countable and
inf, yep |z —ylp > 0.

Corollary

Let 2 C Q, be a Borel set of positive and finite Haar measure.
(1) If (2, A) is a spectral pair, then A is uniformly discrete.
(2) If (2, T) is a tiling pair, then T is uniformly discrete.
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Il. Convolution equation

Note that (Q,7T) is a tiling pair is equivalent the convolution equation
Z lo(x—t)=1, ae z€G. (Tilling)
teT

And (€2, \) is a spectral pair is equivalent to the following convolution
equation

VEEQ, Y [Ta(A—9P =m(@)?  (Spectral)
AEA

In general, we consider the convolution equation
HE * f =1,

where 1 = Y, 1 0; is a discrete measure, 0 < f € L'(Q,),
Jg, fdm > 0.
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I1l. Distribution

The space D of Bruhat-Schwartz test functions is, by definition,
constituted of uniformly locally constant functions of compact support.
A Bruhat-Schwartz distribution f on Q, is by definition a continuous
linear functional on D.

The discrete measure up is also a distribution : for any ¢ € D,

/J/Ev Z(b

AEE

The Fourier transform of a distribution f € D’ is a new distribution
f € D’ defined by the duality

(f.6) = (f, ), VéeD.
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IV. Zeros of a distribution
A point x € Q, is called a zero of a distribution f if there exists an
integer ng such that

(fi1B@ypry) =0, forally € B(xz,p™) and all integers n < no.

Denote by Z the set of all zeros of f.

Lemma (2)

Let E be a uniformly discrete set in Q.
(1) IfF¢ € Z@, then S(0, |€|p) C Z@.
(2) The set Z; is bounded.

~

Denote ny :=min{n € Z: f(z) #0, if x € B(0,p~"™)}.

Corollary

If ug * f =1, then f has compact support. The set Zg7 is bounded and
B(0,p™)\ {0} C Zgz

Proof : Note that ug x f = 1 implies g - fz 0.
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V. Tiles are almost compact open

Suppose (2, 7)) is a tiling pair. Then
pr x1lg = 1.

Then module a set of zero Haar measure,

= T is uniformly discrete.

= E has compact support.

= 1q is uniformly locally constant.

= Q is a union of balls with the same radius.

Since Q has finite Haar measure, we conclude that module a zero
measure set, {2 is compact-open. Then “Tiling = spectral " follows
directly from the result of Fan—Fan—Shi.
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VI. Spectral sets are tiles -I
Suppose (2, A) is a spectral pair. Then

TP
m(@)2 =

HA *

Then module a set of zero Haar measure,

= A is uniformly discrete.

= |f§|2 has compact support.
= ) is bounded.

Without loss of generality, we assume that Q C Z,,.
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VI. Spectral sets are tiles -1l

Recall that every sphere S(0,p™") either is contained in Z;; or does not
intersect Z;. Moreover, B(0,p™"/)\ {0} C 2
Let
I: = {O§n<nf:S(O ) C Zm }
NZg =

J: = {0<n<ng:S50,p” ) 0}.

Take
Zajpj,aj e{0,1,...,p—1}

j€T
Then 2 is a tile of Z,, with tiling complement U. Then we can also tile

Qp.
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Fuglede's conjecture in Qf)

Problem : Does Fuglede's conjecture hold in (@12) ?

Remark : Tiles and spectral sets are not necessarily almost compact
open.

We partition Z,, into p Borel sets of same Haar measure, Set
S=U;_, B(p™,p~™'), a union of countable disjoint balls, thus not
compact open. Let

A = SUBLPH\(1L+S),
Ay = (B0,p")UB(1L,p )\ 4o,
A; = B(i,p') for 2<i<p-—1.
Define
p—1
Q:=J Ai x B(i,p™") C Zy x .
=0
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