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Torsion

Torsion element

x ∈ G is torsion (finite order) if ∃n ≥ 1, xn = e

x

x2

e

x3 = e, x is torsion

I Z/nZ is torsion (all its elements have finite order)

I Z is torsion-free (0 is the only element of finite order)

I On the circle R/2πZ ; π/2 has finite order but 1 has infinite order

θ = π/2
θ = 1
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The Burnside problem

The Burnside Problem (1902):

Can a finitely generated group be torsion and infinite?

1964 (Golod and Shafarevich) Yes!
1980 (Grigorchuk) an automaton-generated example

c

a

b d

e
0|1
1|0

0|0 1|1
0|0

1|1

0|0

1|1

0|0
1|1

The Grigorchuk automaton G

7 / 1



The Burnside problem

The Burnside Problem (1902):

Can a finitely generated group be torsion and infinite?
1964 (Golod and Shafarevich) Yes!

1980 (Grigorchuk) an automaton-generated example

c

a

b d

e
0|1
1|0

0|0 1|1
0|0

1|1

0|0

1|1

0|0
1|1

The Grigorchuk automaton G

7 / 1



The Burnside problem

The Burnside Problem (1902):

Can a finitely generated group be torsion and infinite?
1964 (Golod and Shafarevich) Yes!
1980 (Grigorchuk) an automaton-generated example

c

a

b d

e
0|1
1|0

0|0 1|1
0|0

1|1

0|0

1|1

0|0
1|1

The Grigorchuk automaton G

7 / 1



The Burnside problem

The Burnside Problem (1902):

Can a finitely generated group be torsion and infinite?
1964 (Golod and Shafarevich) Yes!
1980 (Grigorchuk) an automaton-generated example

c

a

b d

e
0|1
1|0

0|0 1|1
0|0

1|1

0|0

1|1

0|0
1|1

The Grigorchuk automaton G

7 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



How to Generate Groups

e aZ :

0|0
1|1

0|1
1|0

1
e

1

e
1

1

e
1

1

e
0

0

e
1

1

e

ρe : Σω → Σω

u 7→ u

1
a

0

a
1

0

a
0

1

e
1

1

e
0

0

e

ρa : Σω → Σω

u 7→ u + 1

〈A〉 = (〈ρe, ρa〉, ◦) Claim: the transducer Z generates Z

8 / 1



e a

0|0
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0|1
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ρe : Σω → Σω ρa : Σω → Σω

u 7→ u u 7→ u + 1

ρe ◦ ρ = ρ ◦ ρe = ρ
ρa ◦ ρa : u 7→ u + 2

ρma ◦ ρna : u 7→ u + (m + n)

ρe≈ 0
ρa ≈ 1
◦ ≈ +

(〈ρe, ρa〉, ◦) ' (Z,+)

group element ⇐ state in a power ⇐⇒ word of states
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Stabilisers

Stabilisers

Stab〈A〉(ξ) = {g ∈ 〈A〉 | ρg (ξ) = ξ}

ξ[1]

ξ[1]

q
ξ[2]
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. . .
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e, b, c , d ∈ Stab〈G〉(1ω)
studied by Y. Vorobets

Interesting elements
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1|1
2|2

0|1
1|0
2|2

2ω is stabilised by a

Avoid ending in e
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Singular points

St : ξ 7→ Stab〈A〉(ξ)

Neighbourhood

ξ

.

Definition

ξ singular ⇔ St is not continuous in ξ

Lemma

ξ not singular ⇐⇒
∀g ∈ Stab〈A〉(ξ), ∃n, δξ[:n](g) = e

Theorem

The set of singular points has measure 0.
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Characterising singular points

Theorem

The set of singular points has measure 0.

Expressing Sing as a language:

(fractal) contracting automata

a

b

e Basilica B

1|1

0|1

0|0

1|0
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ba−1 ab−1

a−1

b−1

e0 01

1

1, 0

Consider specific stabilisers, via
commuting pairs:

(bi)reversible automata

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1
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Contracting Automata

Definition

A contracting ⇐⇒ ∃ finite N (A), ∀q, ∀ξ,∃n, δξ[:n](q) ∈ N (A)

q
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Fractal

e a

0|0
1|1
2|2 0|1

1|0
2|2
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e

0|1
1|0

0|0

1|1

0|0

1|1

0|0

1|1

0|0
1|1

Definition

A fractal ⇐⇒ ∀q, ∀u, ∃p ∈ Stab〈A〉(u), δu(p) = q

u

ξ

p δu(p) = q

u

ξ

c

a

b d

e

0

1

0

1

0

1

0
1

Proposition [Vorobets, AGKPR]

Sing(G) = (0 + 1 + 2)∗1ω
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Singular points

b

c1c0

d1d0

a

e

Automaton W

0|1 1|0

1|1 1|1

0|0

1|1

0|0

0|00|0

1|1

0|0

1|1

I Contracting

nucleus of size 1027

I Fractal

Corollary

(000 + 111)ω ⊂ Sing(W)

17 / 1



Singular points

b

c1c0

d1d0

a

e

Automaton W

0|1 1|0

1|1 1|1

0|0

1|1

0|0

0|00|0

1|1

0|0

1|1

I Contracting

nucleus of size 1027

I Fractal

Corollary

(000 + 111)ω ⊂ Sing(W)

17 / 1



Singular points

b

c1c0

d1d0

a

e

Automaton W

0|1 1|0

1|1 1|1

0|0

1|1

0|0

0|00|0

1|1

0|0

1|1

I Contracting

nucleus of size 1027

I Fractal

Corollary

(000 + 111)ω ⊂ Sing(W)

17 / 1



Singular points

b

c1c0

d1d0

a

e

Automaton W

0|1 1|0

1|1 1|1

0|0

1|1

0|0

0|00|0

1|1

0|0

1|1

I Contracting

nucleus of size 1027

I Fractal

Corollary

(000 + 111)ω ⊂ Sing(W)

17 / 1



Characterising singular points

Theorem

The set of singular points has measure 0.

Expressing Sing as a language:

(fractal) contracting automata

a

b

e Basilica B

1|1

0|1

0|0

1|0

1|1, 0|0

N (B)

b

a

ba−1 ab−1

a−1

b−1

e

b

a

ba−1 ab−1

a−1

b−1

e0 01

1

1, 0

Consider specific stabilisers, via
commuting pairs:

(bi)reversible automata

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1
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Find singular points

Lemma

∃ ξ singular ⇐⇒ ∃uω singular

u

u

qq

Definition

(q,u) commuting pair ⇐⇒
periodic Wang tiling

Lemma

∃u,q, δu(q) = q, ρq(u) = u

u

q q

u

Definition

(q,u) commuting pair
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Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1

y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1

y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1

y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1

y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1

y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Commuting pair and helix graph

How to find commuting pairs?

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1

Lemma

∃ (q,u) commuting pair

Lemma

Tileset associated with Mealy automaton
=⇒ periodic tiling

20 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular

Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Restricted tilesets and undecidability
(e,u) is always a commuting pair but uω is not always singular
Idea: avoid some states (e.g. e)

RESTRICTED COMMUTING PAIRS:

I Input: A = (Q,Σ, δ, ρ), Q ′  Q.

I Output: Does A have commuting pairs restricted to the stateset Q ′?

Undecidable

Reduction to the (deterministic) Domino Problem

1

1

ba

3

2

ba

1

3

ab

2

2

ab

=⇒ a b

1|1
2|3

2|2
3|1

=⇒
a b

e

1|1
2|3

2|2
3|13|2 1|3

1|1
2|2
3|3

21 / 1



Characterising singular points

Theorem

The set of singular points has measure 0.

Expressing Sing as a language:

(fractal) contracting automata

a

b

e Basilica B

1|1

0|1

0|0

1|0

1|1, 0|0

N (B)

b

a

ba−1 ab−1

a−1

b−1

e

b

a

ba−1 ab−1

a−1

b−1

e0 01

1

1, 0

Consider specific stabilisers, via
commuting pairs:

(bi)reversible automata

x y1|0
0|1

1|1
0|0

0

y x

0

y

1

y

1
y , 0

x , 0

y , 1

x , 1

22 / 1


